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DISCRIMINATION OF POVMS WITH RANK-ONE
EFFECTS
ALEKSANDRA KRAWIEC1,∗,  LUKASZ PAWELA1, AND ZBIGNIEW PUCHA LA1,2
Abstract. The main goal of this work is to provide an insight into
the problem of discrimination of positive operator valued measures with
rank-one effects. It is our intention to study multiple shot discrimina-
tion of such measurements, that is the case when we are able to use to
unknown measurement a given number of times. Furthermore, we are
interested in comparing two possible discrimination schemes: the par-
allel and adaptive ones. To this end we construct a pair of symmetric,
information complete positive operator valued measures which can be
perfectly discriminated in a two-shot adaptive scheme. On top of this
we provide an explicit algorithm which allows us to find this adaptive
scheme.
1. Introduction
The transformation of quantum states is at the core of quantum comput-
ing. The most general mathematical tool describing how quantum states
transform are quantum channels. While performing computation, one would
like to certify that the operation in use agrees with the one given by the clas-
sical description. The discrimination task is closely related to the hypothe-
sis testing. This is one of the reasons why the problem of discrimination of
quantum channels has attracted a lot of attention [1–4].
Various approaches have been utilized to study the distinguishability of
quantum channels. In work [5] the authors introduced the resource theory
of asymmetric distinguishability for quantum channels which was further
developed in [6]. A novel scenario called coherent quantum channel dis-
crimination was studied in [7]. Interesting results on the distinguishability
concern specific classes of quantum channels like unitary [8,9] and Pauli [10]
channels.
We can consider two approaches to channel discrimination – a parallel
and an adaptive scheme. In the former, we are allowed to perform the un-
known channel a fixed, finite, number of times on an input state, while in
the latter case we can also perform additional operations between the appli-
cations of the unknown channel. In general it is a nontrivial question which
discrimination scheme should be used to distinguish between two quantum
channels. It seems natural that the use of adaptive scheme should improve
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the discrimination. However, it may happen that it suffices to use the paral-
lel one. For example in the case of unitary channels [8,9] and von Neumann
measurements it was shown in [11–13] that the parallel scheme is always
optimal. It is also known that asymptotically the use of adaptive strategy
does not give an advantage over the parallel one for the discrimination of
classical [14] and classical-quantum channels [15]. Nevertheless, an exam-
ple of a pair of quantum channels that cannot be distinguished perfectly
in parallel but can be distinguished by the adaptive scheme was proposed
in [16]. These channels are however pretty artificial. We will give another,
natural example of two channels which have this property. These channels
are two symmetric informationally complete positive operator valued mea-
sures (SIC POVMs) [17, 18] of dimension three. Moreover, we will show
that there exist many pairs of channels which can be distinguished only
adaptively and present numerical results for the discrimination of random
symmetric operator valued measures (POVMs).
In this work we focus on the following scheme. There are two measure-
ments P1 and P2. One of them is secretly chosen (with probability 12) and
put into a black box. The black box containing the unknown measurement
device can be used any finite number of times in any configuration. Two
schemes of multiple-shot discrimination will be studied: parallel and adap-
tive. The parallel scheme does not require any processing between the uses
of the black box [19]. In the adaptive scheme, however, the processing be-
tween the uses of the black box plays a crucial role. We can prepare any
input state and put it through the discrimination network. Finally, we per-
form a known measurement and make a decision which measurement was
put into the black box.
This work is organized as follows. We begin with preliminaries in Sec-
tion 2. The conditions allowing for perfect discrimination in both parallel
and adaptive scenarios are stated in Section 3. The example of qutrit SIC
POVMs which can be discriminated perfectly only by the adaptive scheme,
as well as the algorithm allowing for perfect discrimination, are presented
in Section 4. Eventually, in Section 5 one can find numerical results for the
discrimination of random rank-one POVMs.
2. Preliminaries
Let X and Y be finite-dimensional complex Hilbert spaces. We denote by
L(X ,Y) the set of linear operators A : X → Y and write shortly L(X ) for
L(X ,X ). We will use the notation U(X ,Y) for the set of isometry operators
and U(X ) for the set of unitary operators. A set of quantum states will
be denoted D(X ). Quantum operations Φ : L(X ) → L(Y) will be denoted
T(X ,Y) while the subset of quantum channels will be denoted C(X ,Y).
We will need the notion of vectorization of a matrix. For the identity
operator 1l of the space L(X ) we define its vectorization as |1l〉〉 = ∑i |ii〉. It
can be generalized to an arbitrary matrix X ∈ L(X ) as |X〉〉 = (X ⊗ 1l)|1l〉〉.
The most general form of quantum measurements are positive operator
valued measures (POVMs). Formally, a collection of positive semidefinite
operators P = {E1, . . . , Em} ⊂ L(X ) is called a POVM iff
∑m
i=1Ei = 1l.
The operators Ei are called effects. Every quantum measurement P =
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{E1, . . . , Em} can be identified with a quantum channel which gives a clas-
sical output. Its action on a quantum state ρ can be written as
(1) P(ρ) =
m∑
i=1
Tr(Eiρ)|i〉〈i|.
Let us for a moment focus on the distinguishability of general quantum
channels. This problem has been widely studied in the literature in var-
ious settings and utilizing a plethora of mathematical tools [20, 21]. The
probability of correct discrimination between channels Φ,Ψ ∈ C(X ,Y) is
upper-bounded by the Holevo-Helstrom theorem [22]
(2) p ≤ 1
2
+
1
4
‖Φ−Ψ‖.
The diamond norm, known also as the completely bounded trace norm, ‖·‖
is defined for a Hermiticity-preserving linear map Φ ∈ T(X ,Y) as
(3) ‖Φ‖ = max‖X‖1=1
∥∥(Φ⊗ 1lL(X )) (X)∥∥1 .
where ‖X‖1 is defined as a sum of singular values of X. The above-
mentioned bound describes the situation when the black box containing
the unknown POVM can be used only once. Therefore Φ and Ψ are said to
be perfectly distinguishable in a single-shot scenario iff ‖Φ−Ψ‖ = 2.
2.1. Parallel discrimination. The approach introduced by Holevo-Helstrom
theorem can be easily generalized into the parallel discrimination scheme.
Is such a case the probability of correct discrimination after N uses of the
black box is upper-bounded by
(4) p ≤ 1
2
+
1
4
∥∥Φ⊗N −Ψ⊗N∥∥ .
The parallel discrimination scheme is depicted in Figure 1. Black boxes
containing the unknown POVM are denoted by question marks. As an in-
put state we use the state on N + 1 registers denoted by |ψ1,...,N+1〉. After
performing the unknown POVM on N registers we obtain classical out-
puts i1, . . . , iN . Using this classical information we prepare another known
measurement and perform it on the last register. Basing on the last mea-
surement’s outcome we make a decision which measurement was hidden in
the black box.
? i1
? i2
...
? iN
// decision

|ψ1,...,N+1〉
Figure 1. Parallel discrimination scheme
We can state a condition when two measurements can be distinguished
perfectly in a parallel scenario. It follows directly from the Theorem 1 which
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will be presented in the subsequent section. Let P1 = {|x1〉〈x1|, . . . , |xm〉〈xm|}
and P2 = {|y1〉〈y1|, . . . , |ym〉〈ym|} be POVMs for m ≥ d. Then POVMs
P1 and P2 have perfect parallel distinguishability if there exists an integer
N > 0 and a quantum state ρ ∈ D(X⊗N ) such that for all multi-indices
i1, . . . , iN we have
(5) 〈xi1 . . . xiN |ρ|yi1 . . . yiN 〉 = 0.
2.2. Adaptive discrimination scheme. If we are allowed to perform pro-
cessing between the uses of black boxes, then we arrive at the adaptive dis-
crimination scheme which is depicted in Figure 2. Although the adaptive
discrimination scheme can be used for any number of uses, N , of the black
box, for the sake of clarity let us focus on the case N = 3. We prepare
an input state |ψ〉 and perform the unknown POVM on the first register.
Basing on the measurement’s outcome i1 we perform a quantum channel
Φi1 on the other registers. Later, we perform the unknown POVM on the
second register and obtain the classical outcome i2. Then we perform a
channel Φi1,i2 on the remaining registers which now depends on both i1 and
i2. In what follows we perform the unknown POVM on the third register
and obtain the outcome i3. Finally, we perform the known measurement on
the last register which now depends on all classical outcomes i1, i2, i3 and
make a decision which of the POVMs was hidden in the black box.
? i1 i1 i1
Φi1
? i2 i2
Φi1,i2
? i3
// decision

|ψ〉
Figure 2. Adaptive discrimination scheme
3. Parallel vs adaptive discrimination scheme
In this section we will state the condition when a pair of quantum op-
erations can be distinguished perfectly in the adaptive scheme while the
parallel scheme does not allow for perfect discrimination. Before reviewing
some known results on the distinguishability of general quantum operations,
we need to introduce the notion of disjointness between quantum opera-
tions. Let ρ ∈ D(X ) be a quantum state with spectral decomposition ρ =∑
i λi|λi〉〈λi|. Then we define its support as supp(ρ) = span{|λi〉 : λi > 0}.
Definition 1. Two quantum states ρ1, ρ2 ∈ D(X ) are called disjoint when
(6) supp(ρ1) ∩ supp(ρ2) = {0}.
The notion of disjointness can be generalized to quantum operations.
Thus, following [23], we have the following definition.
Definition 2. Two quantum operations Φ,Ψ ∈ T(X ,Y) are called (entanglement-
assisted) disjoint if there exists an input state |ψ〉 ∈ X ⊗ Z such that(
Φ⊗ 1lL(Z)
)
(|ψ〉〈ψ|) and (Ψ⊗ 1lL(Z)) (|ψ〉〈ψ|) are disjoint.
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Let Φ,Ψ ∈ T(X ,Y) be quantum operations with Kraus operators {Ei}i
and {Fi}i respectively. From [23] we have a condition for perfect distin-
guishability by a finite number of uses given by the following theorem.
Theorem 1. Quantum operations Φ : ρ 7→∑iEiρE†i and Ψ : ρ 7→∑j FjρF †j
are perfectly distinguishable by a finite number of uses iff they are disjoint
and 1l 6∈ span{E†iFj}i,j.
The following corollary comes from [19] and gives a condition when quan-
tum operations cannot be distinguished in parallel.
Corollary 1. Using notation as in Theorem 1, if span{E†iFj}i,j contains a
positive operator ρ > 0, then Φ and Ψ cannot be distinguished perfectly in
parallel by any finite number of uses.
Combining the above we obtain the corollary which states a condition
when operations can be distinguished only by the adaptive scheme, that
is when parallel discrimination is not sufficient but adaptive discrimination
allows for perfect discrimination.
Corollary 2. Using notation as in Theorem 1, if span{E†iFj}i,j contains
a positive operator ρ > 0, operations Φ and Ψ are (entanglement-assisted)
disjoint and 1l 6∈ span{E†iFj}i,j, then Φ and Ψ can be distinguished perfectly
only by the adaptive scheme.
Let P1 and P2 be rank-one POVMs with effects {|xi〉〈xi|}i and {|yi〉〈yi|}i
respectively. Therefore the Kraus operators of P1 and P2 can be chosen
as Ei = {|i〉〈xi|}i and Fi = {|i〉〈yi|}i respectively. Hence in order to check
whether 1l /∈ span{E†iFj}i,j it suffices to see whether 1l /∈ span{|xi〉〈yi|}i as
E†iFj = |xi〉〈yj |δij .
4. SIC POVMs
In this section we give an example of a pair of quantum measurements
for which the use of parallel discrimination scheme does not give perfect
distinguishability but they can be distinguished perfectly by the adaptive
scheme. Let us begin with a definition. A POVM P = {E1, . . . , Ed2} ⊂
L(Xd) of dimension d is called a SIC POVM if Ei = 1d |φi〉〈φi| and
(7) |〈φi|φj〉|2 = 1
d+ 1
for every i, j = 1, . . . , d2, i 6= j. It is worth mentioning here that it is an
open question whether SIC POVMs exist in all dimensions. So far numerical
results are known for all dimensions up to 151 and for a few other dimensions
up to 844 [24].
In what follows we will construct an example of a pair of quantum channels
which cannot be distinguished perfectly in the parallel scheme but can be
distinguished perfectly in the adaptive scheme. Let P1 and P2 be qutrit
SIC POVMs with effects {|xi〉〈xi|}i, where |xi〉 = 1√3 |φi〉, and {|yi〉〈yi|}i
respectively. Let pi = (9, 8, 7, 3, 1, 2, 6, 4, 5) be a permutation such that |yi〉 =
|xpi(i)〉 for i = 1, . . . , 9. A detailed construction of the POVM {|xi〉〈xi|}i
can be found in [25] and the exact form of the fiducial vector is stated in
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the supplementary material of [26]. In this case 1l 6∈ span{|xi〉〈yi|}i and
P1,P2 ∈ C(X ,Y) are (entanglement-assisted) disjoint. To see the latter
define two states
ρ1 = (P1 ⊗ 1l)
(
1
d
|1l〉〉〈〈1l|
)
=
1
d
∑
i
|i〉〈i| ⊗ |xi〉〈xi|;
ρ2 = (P2 ⊗ 1l)
(
1
d
|1l〉〉〈〈1l|
)
=
1
d
∑
i
|i〉〈i| ⊗ |yi〉〈yi|.
(8)
We need to check whether supp(ρ1) ∩ supp(ρ2) = {0}. We have
supp(ρ1) = span{|i〉 ⊗ |xi〉}i;
supp(ρ2) = span{|i〉 ⊗ |yi〉}i.(9)
Take |ϕ〉 ∈ supp(ρ1) ∩ supp(ρ2), then there exist numbers α1, . . . αm and
β1, . . . βm such that
(10) |ϕ〉 =
∑
i
αi|i〉 ⊗ |xi〉 =
∑
i
βi|i〉 ⊗ |yi〉.
As |xi〉 and |yi〉 are linearly independent for all i = 1, . . . , k, then |ϕ〉 = 0.
Therefore from Theorem 1 we obtain that P1 and P2 are perfectly distin-
guishable by a finite number of uses. Non-existence of the parallel scheme
follows from Corollary 1, that is P1 and P2 cannot be distinguished in
the parallel scheme as there exists a quantum state ρ ∈ D(X ) such that
ρ ∈ span{|xi〉〈yi|}i. The algorithm finding the state ρ will be presented in
Section 5.
P1/P2 i i
ΦUi
P1/P2 j
// decision
|ψin〉
Figure 3. Adaptive discrimination scheme
Now we focus on the adaptive scheme for perfect discrimination between
P1 and P2 which is depicted in Figure 3. The top register corresponds to the
space X while the second and third registers correspond to spaces Y and Z
respectively where each of these spaces is C3. Our goal is as follows. Before
the final use of the black box we would like to obtain states |ξi〉 and |ηi〉 for
which (P1 ⊗ 1l) (|ξi〉〈ξi|) and (P2 ⊗ 1l) (|ηi〉〈ηi|) are orthogonal. Therefore we
need to find processing Φi for which∑
i
|i〉〈i| ⊗ |ξi〉〈ξi| =
∑
i
|i〉〈i| ⊗ Φi
(
(P1 ⊗ 1l) (|ψin〉〈ψin|)
)
∑
i
|i〉〈i| ⊗ |ηi〉〈ηi| =
∑
i
|i〉〈i| ⊗ Φi
(
(P2 ⊗ 1l) (|ψin〉〈ψin|)
)(11)
where |ψin〉 is the input state for the discrimination procedure.
The scheme for discrimination between P1 and P2 is as follows. First,
using the fact that rank (span{|xi〉〈yi|}i) < 9, we can find a nonzero matrix
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A ∈ L(X ) such that
A ⊥ span{|xi〉〈yi|}i.
From the singular value decomposition we can write A = UΣV †. Next, find
vectors ˜|ξ〉, ˜|η〉 ∈ Y ⊗Z as ˜|ξ〉 = |U√Σ〉〉 and ˜|η〉 = |V√Σ〉〉. We can see that
they fulfill the condition
TrZ ˜|ξ〉 ˜〈η| = A.
Let |ξ〉 = ˜|ξ〉‖ ˜|ξ〉‖ and |η〉 =
˜|η〉
‖ ˜|η〉‖ .
Now we present the algorithm for the adaptive discrimination between P1
and P2.
(1) As the input state to the discrimination we use the maximally en-
tangled state on first two registers, that is |ψin〉 = 1√d |1lX 〉〉. Then we
perform the unknown measurement on the first register, either P1
or P2, and obtain a label i. At the same time on the second register
we obtain the state either |ψi〉 or |ϕi〉 ∈ Y. Using the property in
Eq. (7) one can note that
|〈ψi|ϕi〉| = |Tr(A)|2 = 1
2
.
(2) Basing on the label i we perform an isometric channel ΦUi(·) = Ui·U †i
for Ui ∈ U(Y,Y ⊗ Z) such that
Ui|ψi〉 = eiθi |ξ〉
Ui|ϕi〉 = |η〉
where θi = β − αi for 〈ψi|ϕi〉 = rieiαi and 〈ξ|η〉 = reiβ.
(3) After performing the isometric channel we have a new third regis-
ter Z. Then we perform the unknown measurement on the second
register Y and obtain a label j.
(4) Finally, we measure the third register by some known measurement
and make a decision whether in the black box there was either P1
or P2.
5. Numerical results
In this section we study numerically the distinguishability of random
POVMs with rank-one effects. We check the conditions for perfect distin-
guishability. To choose at random a POVM of dimension d with m rank-one
effects we take a Haar random isometry matrix of dimension d ×m. Then
we take projectors onto the columns {|xi〉}mi=1 of this matrix and obtain a
POVM with effects {|xi〉〈xi|}mi=1.
Let P1 and P2 be POVMs with effects {|xi〉〈xi|}mi=1 and {|yi〉〈yi|}mi=1 re-
spectively. If m = d2, then 1l ∈ span{|xi〉〈yi|} and therefore any two random
rank-one POVMs cannot be distinguished perfectly by any finite number of
uses. If d ≤ m < d2, then 1l 6∈ span{|xi〉〈yi|}. Hence there exists a finite
number N of uses which allows for perfect distinguishability iff P1 and P2 are
(entanglement-assisted) disjoint. Fortunately, we have the following lemma.
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Lemma 1. Consider two independently chosen at random POVMs with
rank-one effects. Then with probability one they are (entanglement-assisted)
disjoint.
Proof. Define two states
ρ1 = (P1 ⊗ 1l)
(
1
d
|1l〉〉〈〈1l|
)
=
1
d
∑
i
|i〉〈i| ⊗ |xi〉〈xi|;
ρ2 = (P2 ⊗ 1l)
(
1
d
|1l〉〉〈〈1l|
)
=
1
d
∑
i
|i〉〈i| ⊗ |yi〉〈yi|.
(12)
We need to check whether supp(ρ1) ∩ supp(ρ2) = {0}. We have
supp(ρ1) = span{|i〉 ⊗ |xi〉}i;
supp(ρ2) = span{|i〉 ⊗ |yi〉}i.(13)
Take |ϕ〉 ∈ supp(ρ1) ∩ supp(ρ2), then there exist α1, . . . αm and β1, . . . βm
such that
(14) |ϕ〉 =
∑
i
αi|i〉 ⊗ |xi〉 =
∑
i
βi|i〉 ⊗ |yi〉.
As it holds that for random POVMs |xi〉 and |yi〉 are linearly independent
with probability one for all i = 1, . . . , k, then |ϕ〉 = 0. 
arxiv Knowing that for m < d2 two POVMs with rank-one effects can
always be distinguished perfectly by a finite number of uses, now we are
interested when it suffices to use the parallel scheme, instead of the adaptive
one. From Theorem 1 we know that if there exists a positive operator ρ ∈
span(|xi〉〈yi|), then we need to use the adaptive scheme. Simple numerical
calculations show that there exist pairs of qubit POVMs with 3 rank-one
effects which can be distinguished perfectly only by the adaptive scheme.
Moreover, the probability of finding a pair of POVMs with this property is
roughly equal to 410 .
Now we proceed to studying the distinguishability of randomly chosen
rank-one POVMs in higher dimensions depending on the number of effects.
We study this problem numerically for the input dimension d = 7 and the
number of effects d < m < d2. The procedure is as follows. We sample
N = 106 pairs of random POVMs in a manner explained at the beginning of
this section. For further details on sampling we refer the reader to [27,28].
In order to check whether the condition stated in Corollary 1 is fulfilled, we
introduce an iterative algorithm. First, we construct a projection operator
P on the space span{|xi〉〈yi|}mi=1 and choose an initial operator X ∈ L(Xd).
We project X onto the subspace given by P obtaining some operator Y . We
substitute the operator X with the density operator closest to Y and repeat
this procedure until it converges or a predefined number of steps is reached.
The final step is to check whether the resulting operator is of full rank.
Figure 4 shows numerically found probability of finding a positive operator
in the subspace defined in Corollary 1 as a function of the number of effects
of POVMs. As we can see in the figure, as the number of effects increases, so
does this probability. This is in agreement with previous results. On the one
hand for the case when m = d, we have a von Neumann POVM and we have
DISCRIMINATION OF POVMS WITH RANK-ONE EFFECTS 9
30 35 40 45
m
0.0
0.2
0.4
0.6
0.8
1.0
p
ρ
Figure 4. Numerically estimated lower bound for the prob-
ability pρ of an event that for two randomly sampled POVMs
with rank-one effects the adaptive scenario is necessary for
achieving perfect discrimination. The probability is plotted
as a function of the number of effects m for the dimension
d = 7. The number of samples per point is N = 106.
shown [13] that such measurements can always be distinguished in a finite
number of steps in parallel. On the other hand, when we have m = d2, then
span{|xi〉〈yi|}i gives the entire space Cd and we are guaranteed to find the
identity operator in it, which implies that perfect distinguishability cannot
be obtained for any finite number of uses. In general, we are more likely
to need to utilize the adaptive scheme for perfect discrimination when the
number of effects of POVMs is close to d2.
6. Conclusions
In this work we studied the problem of discriminating POVMs with rank-
one effects. This class of measurements requires a more careful approach
compared to von Neumann POVMs or even general projective measure-
ments. We show that for this class of measurements there exist instances
where the adaptive discrimination scheme is optimal. This is contrary to
von Neumann POVMs, in which the parallel scheme is always optimal. We
illustrate this result using a special class of POVMs – the symmetric in-
formation complete POVMs. For a given input dimension d we study the
discrimination between a SIC POVM and the same SIC POVM, but with
permuted effects. This allows us to construct a simple example of two quan-
tum channels which can be perfectly discriminated in a finite number of
steps but require an adaptive scheme. We state the construction of such a
discrimination scheme explicitly. Finally, we provide some numerical insight
on the probability of randomly sampling a pair of POVMs with rank-one
effects which can be distinguished only in the adaptive scenario.
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